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Abstract

The definition of an admitted Lie group of transformations for stochastic
differential equations has been already presented for equations with one-
dimensional Brownian motion. The transformation of the dependent variables
involves time as well, and it has been proven that Brownian motion is
transformed to Brownian motion. In this paper, we will discuss this concept for
stochastic differential equations involving multi-dimensional Brownian motion
and present applications to a variety of stochastic differential equations.

PACS numbers: 02.20.Qs, 02.50.Ey, 05.40.Jc
Mathematics Subject Classification: 65C30, 76M60

1. Introduction

In general, almost all differential equations are very difficult to solve explicitly. Numerical
methods are frequently used with much success for obtaining approximate solutions. However,
exact solutions are interesting because with their help, one can analyse the properties of the
equations studied. One of the methods used for finding exact solutions of differential equations
is group analysis.

A survey of this method can be found in [1, 2]. It involves the study of symmetries of
equations, by which one means a local group of transformations mapping a solution of a given
system of equations to a solution of the same system. Moreover, symmetries allow one to find
new solutions of the system.

In contrast to deterministic differential equations, there have been only a few attempts to
apply symmetry techniques to stochastic differential equations. They fall into two groups and
are outlined in the following.
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Let (€2, F, P) be a probability space. It is assumed that the o-algebra F is a filtration,
that is, F is generated by a family of o -algebras F; (¢ > 0) such that

FsCFHCF Vs<t, s,tel,
where I =[0,T], T € (0, o).

Let{X () = (X1 ®),..., X, (l))}z>o be a stochastic process. The system of It6 equations
dX;(t,w) = fi(¢t, X(t, w))dt + gir(t, X (¢, )) dBi (¢, ) i=1,...,n,k=1,...,r)
(1)

with initial condition X (0) = X© is interpreted in the sense that

Xi(t, w) = x}")(w)+/ fi(s,X(s,w))ds+/ gik(s, X (s, w)) dBi(s, ), )
0 0

for almost all w € 2 and foreach t > 0, where f; (¢, X) is a drift vector, g; (¢, X) is a diffusion
matrix and Bi(k = 1,...,r) are one-dimensional Brownian motions, fot f(s, X(s))ds is
a Riemann integral and fot g(s, X(s))dB(s) is an Itd integral; the repeat index k denotes
summation.

For example, in the Black—Scholes model, the price of a risky asset is described by the
stochastic differential equation [3]

dX () = uX@)dt + o X (t) dB(1), tel0,T] 3)
with initial condition X (0) = X©@. That is,

X (1) =X(0)+/ /,LX(S)dS+f o X (s)dB(s),
0 0

for each ¢t € [0, T'], where u is the mean rate of return, o is the volatility, B is Brownian
motion and 7 is the time of maturity. The solution of equation (3) with the initial condition
X(0) = XO, called geometric Brownian motion, is

X(t,w) = X(O)(w) exp (aB(s, w) + (/L — %02)t).

The first approach [4—7] of applying group analysis to stochastic differential equations
deals with fibre-preserving transformations only,

% = @i(t, x, a), T=H({, a) (i=1,...,n), @)

where a is a parameter of a Lie group of transformations. For ease of notation, we use
the symbol x in a Lie group of transformations to denote a transformation of a stochastic
process X.

By using It6’s formula, transformation (4) maps (1) into the system

dX; = f;(1, X)dr + 3, (7, X) dBy.

Recall that according to Itd’s formula [8], the evolution of a scalar function I (¢, x) satisfies
the condition

dI = (I, + fi1; + 3gkgul j1) di + I ;g dBy, (5)

where the comma denotes differentiation, for example, I, is the partial derivative of I with
respect to f.

The requirement that an infinitesimal transformation maps every solution of (1) to a
solution of the same system gives the definition of an admitted Lie group for stochastic
differential equations. This approach has been applied to stochastic dynamical systems
[4, 5] and to the Fokker—Planck equation [6, 7]. Its weakness is that it can only be applied to
fibre-preserving transformations.
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In the second approach [9—13], the authors have tried to generalize (4). The second
approach deals with symmetry transformations for system (1) involving all the dependent
variables in the transformation

X, = @;(t, x,a), t=H(, x,a) i=1,...,n). (6)
The transformation of Brownian motions is defined by the formulae
dBy = dBy + 3a(t, + fiT.; + 38 im8mT,j1) dBr. k=1,....r), (D

where t(f, x) = %—Z’(t, x, 0) is the coefficient of the infinitesimal generator of the Lie group.

This approach has been applied to scalar second-order stochastic ordinary differential
equations [9, 10], to the Hamiltonian—Stratonovich dynamical control system [11] and to the
Fokker—Planck equation [11-13]. Unfortunately, there is no strict proof that the transformation
of Brownian motion By, satisfies the properties of Brownian motion.

In [14], a new definition of an admitted Lie group of transformations for stochastic
differential equations was presented. This new approach gives a correct generalization of
approach (4). It includes all dependent as well as independent variables in the transformation.
In particular, the transformation of Brownian motion is defined by the transformation of the
dependent and independent variables, and there is a strict proof that the transformed Brownian
motion satisfies the properties of Brownian motion. This transformation of Brownian motion
is a logical generalization of the change of variable formula to the It integral in the case
where the stochastic process is included in the change. The theory developed in [14] discusses
equations with one-dimensional Brownian motion only.

This manuscript extends the discussion in [14] to systems of stochastic differential
equations and multi-dimensional Brownian motion, and shows how to construct the
determining equations for admitted Lie groups of transformations.

2. Lie group of transformations for a system of stochastic differential equations with
one-dimensional Brownian motion

This section is devoted to reviewing the theory developed for one-dimensional Brownian
motion in [14], as it applies to systems of equations.

2.1. Lie group of transformations for a stochastic process

Assume that the set of transformations
t=H(, x,a), X =, x,a) 3)

composes a Lie group. Let h(z, x) = %(t, x,0),&E(t, x) = g—‘g(t, x, 0) be the coefficients of
the infinitesimal generator

h(t,x)0; +&(t, x)0y.

According to Lie’s theorem, the functions H (¢, x, a) and ¢(¢, x, a) satisfy the Lie equations

oH ¢
— =h(H, ¢), — =§(H, ¢) 9
da da
and the initial conditions for a = 0:
H=t1, ¢ =X. (10

Since % (t,x,0) =1, then %(I, x,a) > 01in a neighbourhood of a = 0, where one can find
a function n (¢, x, @) such that

2(t,x,q) 8H(t X, d)
, X,d) = — (I, X,4).
7 a1
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Using the function (¢, x, a), one can define a transformation of a stochastic process X (¢, w)
by
X(T, ) =g, X (@), o), a), (11

where
t
ﬁ(t)=/ n*(s, X (s, ), a) ds, t>0,
0

and «a(¢) is the inverse function of B(r). This gives an action of Lie group (8) on the set of
stochastic processes. Replacing 7 by B(¢) in (11), one gets
X(B(1), w) = ¢(t, X (1, ), a).

In calculations of an admitted Lie group of transformations
function

1 jt is useful to introduce the

T(t,x) = ﬁ(t, x,0).
da
Note that the functions A (¢, x) and 7 (¢, x) are related by the formulae
T(t,x) = l%(t,x), h(t, x) =2/tt(s,x)ds.
2 0t 0

Similar to partial differential equations, the functions 7 (¢, x) and £(¢, x) define a Lie group of
transformations for stochastic processes. In fact, given 7 (s, x) and £(s, x), one sets

h(t,x) = 2/f (s, x)ds.
Solving the Lie equations (90) with initial conditions (10), one finds the functions H (¢, x, a)
and ¢(t, x, a).
2.2. Determining equations
Let us consider the system of It6 equations
Xi(t,w) = X; (0, w) + ft fi(s, X (s, w))ds + /t gi(s, X (s, w))dB(s), i=1,...,n)
0 0 .

where the drift rate f and the volatility g are given adapted stochastic processes and B is
one-dimensional Brownian motion.

Definition (see [14]). A Lie group of transformations (8) is called admitted by the stochastic
differential equation (12), if for any solution X (t, ) of (12) the functions &(t, x) and (¢, x)
satisfy the system of determining equations

i1, X (1, w) + f6,;(t, X (1, w)) + %gjgkéi,jk(t» X(t, w))
—2fi.(t, X1, w))/l T(s, X (s, w)) ds
—fi,jéj(t,X(t,w))O— 2fit(t, X (1, w)) =0, (13)
8j&ij(t, X(1, w)) — 28, (t, X(1, w))/t (s, X (s, w))ds — git(t, X (1, w))
—gi,jéj(t’X(t,w))=% (i=1,...,n).

' The proper definition of an admitted Lie group of transformation will be given in the following section.
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The determining equations for an admitted Lie group of transformations were constructed
in [14] under the assumption that the Lie group of transformations (9) transforms any solution
of equation (12) into a solution of the same equation.

3. Admitted Lie group of transformations for a system of stochastic differential
equations with multi-dimensional Brownian motion

This section is devoted to constructing determining equations of an admitted Lie group of
transformations for stochastic differential equations with multi-dimensional Brownian motion.

The constructions below are similar to the theory developed in [14] for one-dimensional
Brownian motion. Let n(z, x,a) be a sufficiently many times continuously differentiable
function and {X (#)},>0 a continuous and F;-adapted stochastic process. Since n*(t, x,a) is
continuous, nz(t, X (t, w), a) is also an F;-adapted process. Define

B, w,a) = / nz(s, X (s, w),a)ds, t > 0. (14)
0

For brevity, we write 8(¢) instead of (¢, w, a). The function B(t) is called a random variable
of the time course with time change rate n*(¢, X (t, w), a). Note that B(t) is an F;-adapted
process. Suppose now thatn(t, x, a) # Oforall (¢, x, @). Then for each w, the map r — B(¢)
is strictly increasing. Next define

a(t,w,a) = ir>1£{s : B(s, w, a) > t}, (15)

and for brevity, write «(¢) instead of «(t, w,a). For each w, the map t —— «(?) is
nondecreasing and continuous. One easily shows that for almost all w, and for all r > 0,

Bla(n) =1 =a(B(1)). (16)

In [14], it was proven that the processes

Bi(t) = /:m n(s, X (s, w), a) dBy(s), t20, (k=1,...,r)
are standard Brownian motions. Consider

Y (t, ) = X(B(1), w),
where

X(t, 0) = p(a(t), X (a(t), »), a)

is the transformation of the stochastic process X (¢, w) given by (11). For almost all w, there
is the relation

U(t, w) = @(t, X(t, w), a).

According to the time change formula for Itd integrals [15], a nonanticipating functional e

with
t t
77(/ ezds+/ nzds<oo,t20>=l
0 0

satisfies the formula

a(t) ! 1 -
/o e(s,w)dB(s) = /0 e(a(s), w)n(a(s), X (). ). ) dB(s). (17)
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Now let the set of transformations (8) compose a Lie group. Assume that {X(¢)},>0 is a
stochastic process satisfying the equation

Xi(t, w) = X; (0, a))+/ ﬁ(s,X(S,w))dS+/ gik(s, X (s, )) dB(s),
0 0

(18)
i=1,....n, k=1,...,r),
where the drift vector f = (f}, ..., f,) and the diffusion matrix g = (g;x),x, are adapted
stochastic processes and B = (By, ..., B,) is multi-dimensional Brownian motion. Applying
1t6’s formula to the function ¥ (¢, x) = ¢(t, x, a), one has
t
1
V0 = 00,00+ [ @t fi0s+ 388006 XG5, 0). @) d
0
t
+/ 8jk®.j(s, X(s, w), a) dBy(s). (19)
0

Because X (f,w) is a solution of (18) and ¢.(¢,x,a) is a continuous function,
g(t, X(t, w)p,(t, X(t, w), a) is a continuous process and g¢, is a nonanticipating functional.
Applying formula (17) to the last term of equation (19), one obtains

B(1) 1
Yi(t, w) = ¥; (0, w) +/0 (@i + fioij + Egjkglkﬁoi,jl)(a(s)v X(a(s), w), a)oz(s) ds

PO 8jkPi, j = .
+f = (a(s), X(a(s), w),a)dBi(s), (i=1,...,n). (20)
0 n

Since B(t, w, a) = Ol n*(s, X (s, w), a) ds and B(a (7)) =t for almost all w, then

(e (@), X (@), 0), a)a;(f) = 1.
This gives

ai(s) = 072 (a(s), X (a(s), w), a). (21)
Substitution of a7 (s) into (20) leads to the equation

B() . 0+ Lo, ..
Vi (1, ) = ¥ (0, ) +/(; (%,z + f]%];—zzgjkglk%’”)(a(s), X(a(s). ). a) ds

ﬁ(t)g‘k%" - .
+/ S @O X@e) o) 0 dB(). (=Ll @)
0

Requiring that transformations (8) map a solution of equation (18) into a solution of the same
equation, one obtains

X;(f, ) = X;(0, w)+/ fi(s, )_((s,a)))ds+/ gir(s, X (s, w)) dBi(s).
0 0

i=1,....nk=1,...,r)
Substituting 7 = B(¢) into this equation, one gets
_ _ B®) ) 10 ) i
Xi(B(1), w) = Xi (0, w) + fi(s, X (s, w)) ds +f 8ik(s, X (s, w)) dB(s),
0 0
i=1,....n, k=1,...,r).
Equations (22) and (23) will certainly be equal if the integrands of the two Riemann

integrals as well as those of the Itd integrals coincide. Comparing the Riemann and It6
integrals, respectively, one obtains

(@i + Figij + 38jk8uei 1) (@ (@), X (@(1), ©), @) = f;(t, X(t, o))n* (@ (1), X (a(t), w), @),
(24)

(23)



Admitted Lie group for stochastic differential equations 13957

gjkgi j(a(t), X (a(1), w), a) = gu(t, X (1, 0))n(a(t), X (a(t), ), a),
i=1,...,n,k=1,...,r).

(25)

Since X (7, w) = ¢(a(f), X (a(7), ), a), equations (24) and (25) become

(0ic + fi01j + 58k809ij1) (D), X (@ (@), ), a)
= fi(7, p(a (@), X (@(D), ), )n* (@), X (@), »), a), (26)
gikei,j (@), X (a(f), ), a) = g, (a(f), X (a(7), w), a))n(a(@), X (a(?), w), a),

27
i=1,....n, k=1,...,r).

Substituting 7 = B(¢) into equations (26) and (27), the two equations can be rewritten as

(0i + fi0i; + S8k i) (t, X (t, ), @) = f[i(B(1), o(t, X (t, ®), a)n’(t, X(t, ), a),
(28)

gjk(pi,j(ts X(ts 0)), Cl) = gik(IB(t)v (p(t’ X(t’ C()), a))n(tv X(tv (1)), a),

(29)
i=1,...,n,k=1,...,r).

Differentiating equations (28) and (29) with respect to the parameter a, one obtains the
equations

1
(‘Pi.m + fi®ija+ _gjkglk(pi,jla)(ta X(t, w),a)

2
_ (.2 ap
=17 fi,ta_a"’-fi,jwj,u +2fi7777a (t,X(t,a)),a), (30)
<~(tX(ta))a)—<< +<-%+--->)(IX(ta))a)
gjk(pl,ja ’ ’ ’ = | 8ikNa n glk,t aa glk,jgoj,a ) ) ) ) (31)

i=1,....n, k=1,...,r).

Substituting a = 0 into equations (30) and (31) and using (10), one has

890,' 8(,0, 1 8(p,
RS + .| — + —o0: RS
( da a:O)t fj < da a:O),j 2gjkglk ( da a:O),jl

ap d9; an
= fi—| 4 i w2 32
f’t da a=0 f,.] da a=0 f da a=0 ( )
I¢i p an 3¢;
ik \ = = 8ikit 5 + 8ik + 8ik,j )
g.lk ( da a:O)J Sikt da a=0 8ik da a=0 8 a da a=0 (33)

i=1,....,n,k=1,...,r).
Since B(t, w, a) = fot n*(s, X (s, w),a)ds forall t > 0, differentiating this with respect to a,

one finds
0 "9
Bl _, / an
a=0 0 da

da

ds.
a=0
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Substituting % |a=0 into equations (32) and (33), one arrives at the following equations
1
si,t(tv X(t7 CL))) + f]%‘l,] (tv X(t7 CL))) + Eg]kglksl,jl(tv X(tv CU))

—2fi.:(t, X(¢, w))/l (s, X (s, w))ds

— fi.j&i(t, X, w))o— 2fit(t, X(1,w)) =0,
gjkkij (1, X(t, w)) — 284 (1, X (1, w))/ot (s, X (s, w))ds

— gkt (t, X(t, w)) — gir,j&;(t, X (1, w)) =0,

G=1,....n, k=1,...,r). (34)
Equations (34) are integro-differential equations for the functions t (¢, x) and &(¢, x). These

equations have to be satisfied for any solution X (¢, ) of stochastic differential equation (18).
Thus, one can define an admitted Lie group by using the determining equations (34).

Definition. A Lie group of transformations (8) is called admitted by the stochastic differential
equation (18), if for any solution X (t, w) of (18), the functions &(t, x) and t(t, x) satisfy the
determining equations (34).

Assume that one has found the functions t(t, x) and £(t, x) which are solutions of the
determining equations (34). Then the Lie group of transformations (8) is recovered by solving
the Lie equations

OH 9
_([9x1a)=h(H9(p)7 _(t7-x9a):E(H7(p)1
da da

with the initial conditions
H(t,x,0) =t, o, x,0) =x,
where h(t, x) =2 [y T(s, x) ds, and

OH
2_ 97
=

4. Stochastic differential equations with one-dimensional Brownian motion

In the following, we present examples of systems of two equations involving a single Brownian
motion. For convenience of notation, we will use the symbols X and Y instead of X and X;.

4.1. Graph of Brownian motion

Consider the system of equations [8]
dX (1) = dt, dY (t) = dB(1). (35)

The solution of equations (35) with the initial condition (X (0), Y(0)) = (f, yo) may be
regarded as the graph of Brownian motion. For equations (35) the corresponding functions of
equations (12) are fj =1, f, =0, g; = 0 and g, = 1. The system of determining equations
for (35) becomes

SI,z + El.x + %SI,yy -2t = Oa EZ,[ + SZ,x + %EZ,)‘_V = Oa gl,y = Oa sZ,y —17=0.
(36)
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The general solution of determining equations (36) is

& =2xF + F3, & =yF1+F,, T = Fj, 37
where F; = F(t—x), F, = F»(t—x) and F53 = F3(t—x). A basis of generators corresponding
to (37) is

Fy0,, F30;, F1(2x0,+yd,)+ho;,
where h = 2 [ Fi(s — x) ds.

Note that if the first equation of (35) is considered as an ordinary differential equation (i.e.,

the function X (¢, w) does not depend on w), then the functions Fy, F> and F3 are constants.

4.2. Black and Scholes market

Consider the system of equations [8]

dX () = pX (1) de, dY(t) = uY(@)dt +oY(t)dB(1), (38)
where p, 1 and o are nonzero constants. The system of equations (38) with the initial condition
X(@0) = 1,Y(0) = y > 0is called the Black and Scholes market. For equations (38) the
corresponding functions of equations (12) are f; = px, f» = ny, g1 = 0and go = oy. The
system of determining equations for (38) becomes

Evp+ pxEry + pyEry + 507y 1y — 2pxT — p&y =0,

Ea0 + pxEas + Wybay + 307y 62y — 20T — k2 =0, (39)

y%.l.yz()v yéZ,)f_yT_‘§2=0~
The general solution of determining equations (39) is
£ =2xInxF) +xF3, & =UIny+yylnx)F +yF, T = Fy, (40)
where F| = F) (t — "“TX),'FQ = Fz(t‘— I“Tx), F; = F3(t — 1"7") and y = %(,u — %02). A basis
of generators corresponding to (40) is

vI0,, xF30,, Fi(2xInxd,+ (ylny+yylnx)o,)+ho,,

where h = Zf()t F (s — I“Tx) ds.

4.3. Nonlinear Ito system

Consider the system of equations [8]

dX (1) = dt, dY(¢) = Y (¢)dt +e* dB(r). 41
For equations (41), the corresponding functions of equations (12) are fj =1, f, =y,211 =0
and g, = e*. The system of determining equations for equations (41) becomes

él,t +$1,x + YSI,)' + %exsl,yy -2t = O,

é,-:Z,f + EZ,X + ySZ,y + %exélyy - 2)’1' - 52 = 0, (42)
&1y =0, Ey—1—-§=0.

The general solution of determining equations (42) is
£ = Fox + F3, £ = Fie' + Fo(4 +x)y + Fay, T=1F, (43)

where F| = Fi(t—x), F; = F»(t—x) and F3 = F3(t—x). Abasis of generators corresponding
to (43) is
Fie*dy, F3(0,+y0y), Fa(xd,+ (3 +x)yd,) +ho,,
where h = 2f0’ F>(s — x)ds.
Note that if the first equation of (41) is considered as an ordinary differential equation (i.e.,
the function X (¢, w) does not depend on w), then the functions Fy, F> and F3 are constant.
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4.4. Mean-reverting Ornstein—-Uhlenbeck process
Consider the system of equations [8]
dX () = pX(¢)dt, dY(t) = (m —Y@))dt + o dB(t), 44)

where p > 0,m > 0 and o # O are constants. For equations (44), the functions in
equation (12) are f| = px, f» = m —y,g = 0and g, = o. The system of determining
equations for (44) becomes

£+ pxEry + (m — Y&, + S0%E1,, — 2pxT — p& =0,

§2.4+ pxE2x + (M = )2y + 507605y = 20m — V)T +£ =0, (45)
§1,=0, &y—1=0.
The general solution of determining equations (45) is
2
£ = —x""F +xF;3, £ ="y —mx")Fy+x:F, T =x"Fy, (46)
14

where F| = Fl(t — me) F = Fz(t — me) and F; = F3(t — I"TX) and y = —%. A basis of
generators corresponding to (46) is

2
xR0, x F30,, F (-ﬂ“ax +(xVy— mxy)a)) +ho,,
14
where h = 2f0t xVFy(s — 1"7") ds.
Let us construct the Lie group of transformations corresponding to the third generator for
the particular case defined by the assumption F; = k, where k is constant. In this case the
generator becomes

2
Zx, + (xVy — mx?)dy +2x7'td,.

For finding the Lie group of transformations corresponding to this generator, one has to solve
the Lie equations

OH 91 2 dp2

— =2¢H, = — , = =9 o, —mo?,

da 2 da y ¢ da $192 1
with the initial conditions at a = O:

H =1, Y =X, @ =Y.

The solution of this Cauchy problem gives the transformations of the independent variable ¢
and the dependent variables x and y,

=g =7 —2a) 7
o1 = (x a) v, a7

D= S

F=H=tx7"(x"=2a)"",
y=v +m.

F=@r=(y—mx":(x7" —2a)”

Hence n> = H, = xV(x™" —2a)~!.

Let us show that the Lie group of transformation (47) transforms a solution of
equations (44) into a solution of the same equations. Assume that (X (¢), Y (¢)) is a solution
of equations (44). As was proven, the Brownian motion B(t) is transformed to the Brownian
motion

a(t)
B(t) = / X T(s)(X 7V (s) — 2a)_% dB(s), t >0, (48)
0
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where
B(t) = / XV ()XY (s) —2a)" " ds, a(t) = ir>1£{s :BGs)>1t}, t=>=0.
0 §2

Applying It6’s formula to the functions ¢; (¢, x, y,a) = (x7V — Za)% and (¢, x, y,a) =
(y— m)x‘% (x7V — 2a)‘% + m, one has
@1 (t, X(t’ 0))9 Y(t, C()), a) = ¢ (07 X(07 w)’ Y(07 CL)), a)

+/ X7 H)(X T (s) — 2(1)7%71 ds,
0
o, X(t,w), Y(t,w),a) = (0, X0, w), Y (0, w), a) 49)

+/ (m —YE)X 5 ()X 7 ()X () —2a) 73 ds
0

+/ o X T()(X(s)Y —2a)"2 dB(s).
0
By virtue of (21)

1—(;(?) = XV($)(X7TV(s) — 2a).

Changing the variable s = «(5) in the Riemann integrals in (49), they become

! 1 B() 1
/ pX 7N (X TV (s) —2a) v lds = / 0X 7 (a(s)) — 2a)” 7 ds,
0 0
[ =vox-tox e -t
0
= /O (m — Y (@)X ™7 (@(s)) (X (a(s)) 7 —2a)"2 d§

= /0 (m — (Y (@(s) — m)) X2 (@(s)) (X (ex(s)) ¥ —2a)"2 — m) 5.

Because of the transformation of the Brownian motion (48), the It6 integral in (49) becomes
1 , B@) _

/ o X 2(s)(X(s)77 —2a)_% dB(s) = / o dB(5).

0 0

Since (Y (a(f), w) — m)X 2 (a(f), o) (X (x(f), w) — Za)_% +m = Y o) and
(X7 (@(f), w) — 2a)"7 = X(7, ), one gets

B()
o1(t, X(t, w), Y(t, w),a) = ¢1(0, X0, w), YO0, w), a) +/ pX (s, w)ds,
0
oa(t, X(t, w), Y (¢, w),a) = 9(0, X0, w), Y0, w), a)

B®) ) By
+/ (m —Y(s,w))ds+f o dB(s).
0 0
Because ¢(t, X(t,w),Y(t,w),a) = )_((,B(I), w), and @, X(t,w),Y(t, w),a) =
Y (B(t), ), one has
B)
X(B@), w) = X(0, w) +/ pX (s, w)ds,
0

) . B(1) . B
Y(B@),w) =Y(0,w) +/ (m—Y(s,w))ds +/ o dB(s).
0 0

This confirms that the Lie group of transformations (47) transforms any solution of system
(44) into a solution of the same system.
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5. Stochastic differential equations with multi-dimensional Brownian motion

5.1. System of location and motion
Let i, o1 and 07 be nonzero constants. Consider the system of equations [16]
dX (@) =Y (t)dt + 01dB (1), dY(t) = —uY (t)dt + 0, dB,(1). (50)

For equations (50), the corresponding functions of equations (34) are f; = y, f» =
—uy, g1 = 01,812 = 0,82 = 0 and gy = 0,. The system of determining equations
for (50) becomes

E1p+YELx — WYELy + 207E . + 20761, —2yT — 6 =0,

Ey: + Yax — WyEay + 3076 xx + 205780 yy + 21T + &y = 0, (51)
§lx—1=0, &y—1=0, §1,,=0, &x=0.

The general solution of determining equations (51) is
£ =—Cre ™+ C,, & =Ciue ™, 7 =0. (52)

Hence h = 0. Thus, a basis of generators corresponding to (52) is

e*lﬂ(ax - /Lay)v 8x-

5.2. Vibrating string model
Consider the system of equations [8]
dX () =Y (¢t)dr + ndB (1), dY(t) = =X @) dr + 0 dB(1), 53)

where p and o are nonzero constants. The system of equations (53) is a model for a
vibrating string subject to a stochastic force. For equations (53), the corresponding functions
of equations (34) are f1 =y, f» = —x, g1 = U, 812 = 0, go1 = 0 and gy = o. The system
of determining equations for (53) becomes

Elp+YELx — XEy + SUTE o + 307E1yy — 29T — & =0,

Eri+V6rx — XEay + 316 + 30760y +2XT +6 =0, (54)
E1x—1=0, &y—1=0, &,,=0, &r.=0.

The general solution of determining equations (54) is
& = C;sint + Cycost, & = Cicost — C, sint, T =0. (55)

Hence h = 0. Thus, a basis of generators corresponding to (55) is

sintd, +costdy, COs td, — sintdy.

5.3. Nonlinear Ito system

Let 1 and u, be constants. Consider the system of equations [6]

dX (1) = % dr +dB, (1), dY (1) = jupds + dBy (). (56)
The associated Fokker—Planck equation is

M1 M1
U, = z(u“ +iy,) + x—zu — Tux — Maldy.
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For equations (56), the corresponding functions of equations (34) are f; = %, fr =2, 811 =
1,812 =0, go1 = 0 and gy = 1. The system of determining equations for (56) becomes

"1 M“1 H“1
Bt~ pady + L& xx + 381y — 2T+ 5h =0,

Ea0+ Thbnn + ok + S + Sy — 20T =0, (57)
§lx—1=0, &y—1=0, &1,,=0, &.=0.
The general solution of determining equations (57) is
& = Cix, & = Ci(y +uat) + Gy, T=Cy, (58)
and i = 2C,t. Thus, a basis of generators corresponding to (58) is
Oy, X0y + (y+uat)dy +210;.

5.4. Ornstein-Uhlenbeck process

Consider the system of equations [6]
dX () = —X(r)dt, dY(r) = =Y (@) dt +dB,(t) + dBy(¢). (59)
This system represents an Ornstein—Uhlenbeck process and its corresponding Fokker—Planck
equation 1s
u; + %uyy — Xuy — yuy, —2u = 0.
For system of equations (59), the corresponding functions of equations (34) are f; = —x, f, =

—v,811 = 0,810 =0, g1 = 1and g» = 1. The system of determining equations for (59)
becomes

v —xE1x — Y&,y +E1,y +2xT+ & =0,

E20 —xb2x — Y62y +E2,y +2yT+ 6 =0, (60)
&,=0, &y—1=0.

The general solution of determining equations (60) is
§l=x"Fi+xF;, 5 =xyF +xFy, T =x"F, (61)

where F) = Fi(xe'), F» = Fy(x¢e') and F5; = F3(xe'). A basis of generators corresponding
to (61) is
xFyd,, xF3d,, Fix*(xd,+yd,)+x’hd,
where h = 2 [ Fy(x e*) ds.
Let us construct the Lie group of transformations corresponding to the third generator for

the particular case defined by the assumption F; = k, where k is constant. In this case the
generator becomes

x38x + y)c28y + 2x2t8,.

For finding the Lie group of transformations corresponding to this generator, one has to solve
the Lie equations

OH 91 GL7)
Fyl 201 H, — =g, — = e},

da da
with the initial conditions for a = 0:

H=t o¢1=x, ¢p=y.
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The solution of this Cauchy problem gives the transformations of the independent variable ¢
and the dependent variables x and y,

F=H=rt(l-2ax>", =¢ =x(1—2ax)2, ¥ =g = y(1 —2ax?) 2.
(62)

Hence 1> = (1 — 2ax?)~".

Let us show that the Lie group of transformations (62) transforms a solution of
equations (59) into a solution of the same equations. Assume that (X (), Y (¢)) is a solution
of equations (59). It was proven that the Brownian motions B;(¢) and B;(¢) are transformed
to the Brownian motions

163
Bi(1) = / (1= 2aX2(s))"* dBy (s),
OW) (63)
Ba(t) = / (1-2aX2(s)FdBo(s), 130,
0

where

,B(t):/ (1 —2aX?*(s))"'ds, a(;):igg{s:ﬁ(s) >}, t>0.
0 5=

Applying Itd’s formula to the functions ¢; (¢, x, y,a) = x(1 — Zaxz)_% and ¢ (t,x,y,a) =
y(1 — 2ax*)~2, one has

o1t X (1, 0), Y (1, w),a) = ¢1(0, X(0, ), Y (0, w), a) — / X(5)(1 —2aX(s)"* ds
0

(pz(ta X(t5 C()), Y(ta a))v a) = 902(0’ X(07 Cl)), Y(07 Cl)), Cl) - / Y(S? a))(l - 2aX2(S))7% ds
0

+/ (1—2aX2(s))—%dBl(s)+/ (1 —2aX*(s))"2 dBs(s). (64)
0 0
By virtue of (21)

0% B = (1 — 2aX>

E(t)_( —2aX"(s)).

Changing the variable s = «(5) in the Riemann integrals in (64), they become

' \ B ,
f X(s)(1 —2aX%(s)) > ds = / X (@()(1 = 2aX*(a(5))) "2 d5,
0 0

' , B®) 1
/ Y(s)(1 —2aX%(s)) 2 ds = / Y(@3))(1 — 2aX*(«(3))) "2 ds.
0

0
Because of the transformation of the Brownian motions (63), the It6 integrals in (64) become

t B()
/ (1—2aX2(s)"} dBy(s) = / dB, ),
0 0

’ . Bw
/(1—2aX2(s))_7de(s)=/ dB;(3).
0 0

Since X ((7)(1 — 2aX2(@()))"* = X, w) and Y(@(®)(1 — 2aX2(a(@))": = Y7, »),
one gets

B()
P11, X (1, 0), Y (1, ), a) = ¢1(0, X(0, w), Y (0, ), a) — / X (s, w)dB (s),
0
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B)
0t X (1, 0), Y (1, 0),a) = 92(0, X (0, ), Y (0, w), a) — / Y (s, w) dBi(s)
0

By B@)
+f dBl(s)+/ dBs(s).
0 0

Because ¢ (¢, X (¢, ), Y (¢, w),a) = X(B(), w) and @y (t, X(t, w), Y (t, w),a) = Y (B(1),
), one has

B@)
X(B(0), ) = X(0, ) — / X(s, w) ds,
0

) . By By By
Y(B(@),w) =Y, a))—/ Y(s,w)ds+/ dBl(s)+/ dBy(s).
0 0 0

This confirms that the Lie group of transformations (62) transforms any solution of
equations (59) into a solution of the same equations in this particular case.

6. Conclusion

The definition of an admitted Lie group of transformations for stochastic differential equations
was extended to stochastic differential equations with multi-dimensional Brownian motion.
This approach includes dependent and independent variables in the transformation. The
transformation of Brownian motion is defined by the transformation of dependent and
independent variables. Correctness of all developed construction is strictly proven. Thus
a correct approach for generalization of group analysis to stochastic differential equations
has been developed. The developed theory was applied to a variety of stochastic differential
equations. First, stochastic differential equations with one-dimensional Brownian motion
were studied. Then the theory was extended to stochastic differential equations with multi-
dimensional Brownian motion. For stochastic differential equations with one-dimensional
Brownian motion, four applications were studied: a system describing the graph of Brownian
motion, a system describing the Black and Scholes market, a system describing mean-
reverting an Ornstein—Uhlenbeck process and anonlinear It6 system. For stochastic differential
equations with multi-dimensional Brownian motion, four applications were studied: a system
describing location and motion, a system describing model for a vibrating string subject to
a stochastic force, a system representing Ornstein—Uhlenbeck process and a nonlinear Itd
system.
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